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Abstract
The static three-quark potential in arbitrary configuration of quarks is calculated
analytically. It is shown to be in a full agreement with the precise numerical simulations
in lattice QCD. The results of the work have important application in nuclear physics,
as they allow to perform accurate analytic calculations of spectra of the baryons.
1 Introduction
Precise knowledge of the nucleon spectroscopy is very important for the deep understanding
of the nuclear processes. The nonperturbative static potential is a key quantity in calculations
of the baryon spectra, and this is why its investigation is one of the important problems in
nuclear physics. Besides, the study of the static potential provides an insight into the two
fundamental properties of strong interactions — confinement of the color charges and scale
of the fluctuations of the confining gluonic fields.
In the present paper static potential in baryon is calculated using the method of the field
correlators (MFC) [1], which is based directly on QCD and operates with the vacuum averages
of the correlators of the gluonic field strengths.
It is suggested in MFC that the gluonic fields play a twofold role in QCD. First, gluons
propagate dynamically in the vacuum, and this process at small distances can be described
by the pertubation theory. In particular, the interaction of the quarks due to the one-gluon-
exchange leads to the color-coulomb interaction potential. Second, gluons in the vacuum form
the nonperturbative condensate, which constitutes the background, where the perturbative
gluons propagate.
Two-point (or bilocal) correlators of gluonic fields are parameterized in MFC by the scalar
formfactors [2]. This parameterization gives rise to the area law for the Wilson loop at
sufficiently large separations between color sources, which ensures confinement. The slope σ
of the linear static potential between quark and antiquark, corresponding to the Wilson loop, is
the main parameter of MFC. Using this the only parameter one can obtain in MFC the spectra
of the mesons within the 5% accuracy [3]. The value of σ is determined phenomenologically
from the slope of the Regge trajectories of mesons, and corresponds to the confinement radius.
The scalar formfactors of the background fields fall off exponentially, which reflects the
stochastic nature of the confining fluctuations of the gluonic background field. The correlation
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length of the background fields Tg is sometimes considered as the second parameter of the
MFC, although it can generally be expressed through the σ [12]. Its value is small in compar-
ison with the radius of confinement and negligible for mesons. The situation for baryons is
different because of the correlations of the background fields near the string junction, which
lead according to MFC to the decreasing slope of the potential at small and intermediate
quark separations. There is another Tg-induced effect, which is considered in the present
work, namely the potential difference between the configurations with the same length of the
string, but different locations of quarks.
The appearence of recent accurate numerical calculations of the static three-quark poten-
tial in lattice QCD in quenched approximation [5, 6] allow to test analytic results of MFC.
We perform this important test in the paper and find a complete agreement between MFC
and lattice results.
Before to calculate the static potential, in the next section of the paper we consider
the Wilson loop of the baryon, which in the case of the static quarks is the baryon Green
function. We express vacuum average of the Wilson loop through the vacuum averages of
bilocal correlators of the gluon field strength tensor and parameterize them according to MFC.
A brief discussion of the gluon condensate value obtained from the ITEP sum rules and its
relation with the MFC is also given. In third section the procedure of calculation of the
potential is described, and its behavior is analized in comparison with the lattice data. In
the concluding section a summary of the results obtained in the paper is given, and their
perspective applications are discussed.
2 The baryon Wilson loop and its average in MFC
It is known that the gauge-invariant state of the baryon with quarks at points x, y, z reads
as
ΨB(x, y, z, Y ) = ǫαβγΦ
α
α′(x, Y, C1)Φ
β
β′(y, Y, C2)Φ
γ
γ′(z, Y, C3)q
α′(x)qβ
′
(y)qγ
′
(z), (1)
where α, β, ... are the color indexes of the fundamental representation of SU(3),
Φαβ(x, y, C) = (P exp ig
∫
C
Aµdzµ)
α
β (2)
is a parallel transporter along the contour C, which connects points x, y (P in (2) means
the ordering of color matrices along the trajectory of integration); q and A are quark and
gluon field operators, and Y is the point of the string junction. The baryon Green function
is defined as a vacuum average
GB(X¯,X) =
〈
Ψ+B(X¯)ΨB(X)
〉
, (3)
where X ≡ x, y, z, Y . If quarks are static, the Green function becomes the Wilson loop WB,
which reads as
WB =
〈
1
6
ǫαβγǫ
α′β′γ′Φαα′(C1)Φ
β
β′(C2)Φ
γ
γ′(C3)
〉
. (4)
The contours C1, C2, C3 and direction of the integration are shown in Fig. 1. The
trajectory of the string junction, which we denote C0, is shown in the Fig. 1 by the dotted
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Figure 1: Baryon Wilson loop
line. Note that the definition (4) of the baryon Wilson loop is generally accepted. The static
potential in baryon is related with the Wilson loop as follows,
VB = − lim
T→∞
1
T
lnWB, (5)
where T is the time extension of the Wilson loop.
We are now to express the Wilson loop (4) through the correlators of the gluon field
strength tensor. For this sake rewrite it as
WB =
〈
1
6
ǫαβγǫ
α′β′γ′Φαα′(C˜1)Φ
β
β′(C˜2)Φ
γ
γ′(C˜3)
〉
, (6)
where C˜i = Ci∪C0. The expression (6) follows from (4) after the substitution the latter with
the equation
ǫα
′β′γ′ = ǫα
′′β′′γ′′Φα
′′
α′ (C0)Φ
β′′
β′ (C0)Φ
γ′′
γ′ (C0). (7)
Note that the last relation is valid in the generalized coordinate gauge, in which Φαα′(C0) = δ
α
α′ ,
but the expression (6) is a scalar of the color SU(3) and therefore does not depend on the
choice of the gauge. Since the integration in (6) is performed along three closed contours, one
may use for these contours of the baryon Wilson loop the nonabelian Stokes theorem [1]. As
a result one gets
WB =
〈
1
6
ǫαβγǫ
α′β′γ′W αα′(S1)W
β
β′(S2)W
γ
γ′(S3)
〉
, (8)
where Si are the minimal surfaces of the contours C˜i, and
W αα′(S) = P exp(ig
∫
S
dσµν(x)Fµν(x)Φ(x, x0))
α
α′ (9)
3
does not depend on the choice of the point x0, if the latter places at the surface S [1]. Expand
now the exponent in (9),
W αα′(S) = δ
α
α′ + ig
∫
S
dσ F αα′ −
g2
2
∫
S
∫
S
dσ(1) dσ(2)F αβ (1)F
β
α′(2) + ..., (10)
where we have explicitely written only the color indexes and denoted by the dots the higher
powers of the expansion. Since the vacuum average of the strength tensor equals to zero, the
Wilson loop will read as follows,
WB = 1
6
ǫαβγǫ
α′β′γ′
(
δαα′δ
β
β′δ
γ
γ′ − δββ′δγγ′
g2
2
∫
S1
∫
S1
dσ(1) dσ(2)F αρ (1)F
ρ
α′(2)−
− δγγ′ g2
∫
S1
∫
S2
dσ(1) dσ(2)F αα′(1)F
β
β′(2) + ...
)
, (11)
where the dots denote the double integrals over surfaces S2S2, S3S3, S1S3, and S2S3, anal-
ogous to the written ones, as well as the higher order correlators. Taking into account that
ǫαβγǫ
α′βγF αρ F
ρ
α′ = 2 trFF , ǫαβγǫ
α′β′γF αα′F
β
β′ = −trFF , one gets from (11)
WB = exp
{
−
3∑
i=1
1
2
∫
Si
∫
Si
dσ(1)dσ(2)
〈
g2
3
trF (1)F (2)
〉
+
+
∑
i<j
1
2
∫
Si
∫
Sj
dσ(1)dσ(2)
〈
g2
3
trF (1)F (2)
〉}
. (12)
Here and in what follows we disregard the higher order correlators, assuming that their
contribution to Wilson loop is small or can be reduced to the contribution of the bilocal
ones. This assumption leads to the area law for the Wilson loop and is shown in [7] to be
motivated by the property of the Casimir scaling of the potentials of static sources in various
representations of SU(3).
The second motivation of the cancellation of the contributions of higher order correlators
to the Wilson loop follows from the stochastic properties of the QCD vacuum. Note that
the bilocal correlators written in (12) are the first term of the cluster expansion used in the
theory of fluctuations [9] for the description of the correlated stochastic processes. According
to the fundamental identity of the cluster expansion, higher order correlators enter into (12) as
cumulants, or connected correlators (one can find an accurate definition of cumulants as well
as the proof of the fundamental identity in [9]), which rapidly fall off with the increasing order
for almost independent points. That’s why the bilocal approximation taking into account only
two-point correlators is motivated by the theory of fluctuations at distances greater than the
correlation length of the gluon fields.
The bilocal correlators are parameterized in MFC [2] in the case of SU(Nc) using two
scalar formfactors D and D1 as follows,
g2
Nc
tr〈Fµ1ν1(x)Φ(x, x′)Fµ2ν2(x′)Φ(x′, x)〉 = (δµ1µ2δν1ν2 − δµ1ν2δµ2ν1)D(z)+
+
1
2
(
∂
∂zµ1
(zµ2δν1ν2 − zν2δν1µ2) +
∂
∂zν1
(zν2δµ1µ2 − zµ2δµ1ν2)
)
D1(z) ≡ Dµ1ν1,µ2ν2(z), (13)
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where z ≡ x− x′. The formfactors of the background fields read as
D(z) = D(0) exp
(
−|z|
Tg
)
, D1(z) = D1(0) exp
(
−|z|
Tg
)
. (14)
The exponential behavior of the formfactors is confirmed by the lattice simulations [10, 11] at
distances z >∼ 0.2 fm. The values of the parameters obtained are Tg = 0.12÷ 0.2 fm [10, 11]
and D1(0)/D(0) ≈ 1/3 [10].
In the case of static quark and antiquark the relation analogous to (12) reads as
WB = exp
{
−1
2
∫
S
∫
S
dσ(1)dσ(2)
〈
g2
Nc
trF (1)F (2)
〉}
(15)
and at large quark separations R≫ Tg gives rise to the area law for the Wilson loop,
〈W〉biloc = exp(−σS), (16)
where the string tension σ is given by the relation
σ =
π
2
∫
∞
0
dz2D(z). (17)
The value of the string tension σ ≈ 0.18 GeV2 may be determined phenomenologically from the
slope of the meson Regge trajectories [3]. Note that the value Tg ≈ 0.13 fm can be extracted
from the gluelump spectrum, which is calculated in MFC [12] using the only nonperturbative
parameter σ.
From (13) and (14) the equation
〈αs
π
F aµν(x)F
a
µν(0)
〉
=
18D(x)
π2
(18)
follows, which relates in particular the gluon condensate
〈
αs
pi
F aµν(0)F
a
µν(0)
〉 ≡ 〈αs
pi
F 2
〉
with the
value of the formfactor D at zero. Although D(0) does not enter formally into the definition
of σ (17), but assuming the behaviour of D(z) (14) at small distances (this assumption is
rigorously speaking false [13], nevertheless we use it in this paper as an approximation; the
accurate expressions at small distances can be found in [14]), one gets σ = πD(0)T 2g , which
allows to evaluate the gluon condensate as follows,
〈
αs
pi
F 2
〉
= 18 σ/(π3T 2g ) ≈ 0.25 GeV4, for
Tg = 0.13 fm.
The value of the gluon condensate can also be obtained from the ITEP sum rules (see the
book [15] and references to the original works therein). The sum rules use the operator expan-
sion for the currents, and the gluon condensate contribute to it in combination
〈
αs
pi
G2
〉
/Q4.
Herewith the value of the gluon condensate is assumed to be independent on the momen-
tum. Recently on the basis of the analysis using the sum rules of the experimental data on
τ -lepton decays and charmonium spectrum in the papers [16] were obtained the following
values of gluon condensate:
〈
αs
pi
G2
〉
= (0.006 ± 0.012) GeV4 and 〈αs
pi
G2
〉
= (0.009 ± 0.007)
GeV4 correspondingly.
One can assume that the sum rules operate with the some effective value of the condensate,
which equals to the correlator
〈
αs
pi
F aµν(xef)F
a
µν(0)
〉
at some effective separation xef 6= 0. Taking〈
αs
pi
G2
〉
= 0.007 GeV4 and Tg ≈ 0.13 fm, one obtains xef = Tg ln
(〈
αs
pi
F 2
〉
/
〈
αs
pi
G2
〉) ≈
0.5 fm, i.e. characteristic radius of confinement. Note that when assuming that bilocal
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correlators do not depend on point separation and D(x)=const, and integrating in (17) up to
the characteristic hadronic size rh = 1 fm, one can estimate the gluon condensate from (17),
(18) as
〈
αs
pi
F 2
〉 ≈ σ/r2c ≈ 0.007 GeV4, which is also consistent with the value obtained in [16].
The conclusion is that the sum rules results can not be used neither as a confirmation nor
as a disclaimer of the MFC parameterization (14).
3 The baryon potential
According to (5), (12), (14) the baryon potential reads as
VB = lim
T→∞
1
2
∑
a=1,2,3
∫
Sa
∫
Sa
dσ(a)µ1ν1(x)dσ
(a)
µ2ν2
(x′)Dµ1ν1,µ2ν2(x− x′)−
− 1
2
∑
a<b
∫
Sa
∫
Sb
dσ(a)µ1ν1(x)dσ
(b)
µ2ν2(x
′)Dµ1ν1,µ2ν2(x− x′), (19)
where dσ(a) denotes an integration over the surface Sa. Note that the nondiagonal part of the
potential (i.e. second term in (19) at a 6= b) differs in the factor −1/2 = −1/(Nc − 1) from
the corresponding quantity in [17, 18], where the error was made by the author (in eqs.(24)
from [17] and (46) from [18]).
Since the surfaces of the Wilson loop are oriented along the temporal axis, only correlators
of the color-electric field contribute to the potential (19), and one gets
VB(R1, R2, R3) =
(∑
a=b
−
∑
a<b
)
n
(a)
i n
(b)
j
∫ Ra
0
∫ Rb
0
dl dl′
∫
∞
0
dtDi4,j4(zab), (20)
where n(a) is a vector of unit length directed along the line connecting string junction with
the corresponding quark; zab = (l n
(a) − l′n(b), t), Ra is a distance from the string junction to
the corresponding quark, and
Di4,j4(z) = δijD(z) + ∂
∂zi
zjD1(z)
2
. (21)
In what follows we neglect the formfactor D1 in (21), since its contribution to the potential
is small.
In calculation of the baryon potential one should distinguish configurations of quarks, in
which quarks form 1) triangles with each of the angles less that 2π/3 and 2) triangles having
one angle greater than 2π/3. In the former case the minimal surface of the Wilson loop
consists of three surfaces intersecting with each other at angles 2π/3, as is shown in Fig.
1. In the latter one the string junction position coincide with the position of quark at large
angle, and the Wilson loop consists of two surfaces. Then one can set in Eq. (20) R3 = 0.
Consider in advance configuration of the equilateral triangle. In this case R1 = R2 = R3 ≡
R, and baryon potential reads as
VB(R) = 3VM(R) + Vnd(R), (22)
where VM is diagonal and Vnd nondiagonal terms. From eqs.(14), (20),(21) one gets
VM(R) = 2D(0)
∫ R
0
d z1(R− z1)
∫
∞
0
d t exp
(
−|z|
Tg
)
=
6
0.5 1 1.5 2 2.5
L,fm
1.5
2
2.5
3
3.5
4
VB,GeV
Figure 2: The lattice nonperturbative baryon potential from [5] (points) for lattice parameter
β = 5.8 and MFC potential V (B) (solid line) with parameters σ = 0.22 GeV2 and Tg = 0.12
fm vs. the minimal length of the string L. The dotted line is a tangent at L = 0.7 fm.
=
2σ
π
{
R
∫ R/Tg
0
d x xK1(x)− Tg
(
2− R
2
T 2g
K2
(
R
Tg
))}
, (23)
where σ = πD(0)T 2g , K1 and K2 are McDonald functions. This potential determines an
interaction of static quark and antiquark at separation R. Note that it is related with the
gluon field in meson calculated in MFC [18] using the connected probe as follows,
dVM(R)
dR
=
2σ
π
∫ R/Tg
0
dx xK1(x) ≡ E0(R), (24)
where E0(R) is a value of the confining field acting on the quark.
The nondiagonal potential,
Vnd(R) =
2√
3
σTg − 3
√
3
2π
σR2
Tg
∫ pi
3
pi
6
d ϕ
cosϕ
K2
( √
3R
2Tg cosϕ
)
, (25)
is positive, rises from zero to the value 2/
√
3σTg, and saturates at R >∼ 0.6 fm.
The behavior of the potential (22) versus the minimal length of the baryon string L =
R1 +R2 +R3 = 3R is shown in Fig. 2 in comparison with the lattice data from [5]. One can
see that the potential completely describes the lattice results. At large distances L >∼ 1.5 fm
the potential rises linearly with the slope σ. At characteristic hadronic sizes the slope of the
potential falls, which is shown in Fig. 2 by the tangent at point L = 0.7 fm with the slope
∼ 0.9σ. Note that all lattice points at L < 1.5 fm are cosistent with the tangent. This effect
is also confirmed by the phenomenology of baryon spectrum [19].
To perform the analysis of the lattice results from [6], one should add to the potential (22)
the perturbative color-coulomb one,
Vpert = −3
2
CFαs
r
, (26)
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Figure 3: The lattice baryon potential in the equilateral triangle with quark separations r
from [6] (points) at β = 5.8 and the MFC potential V (B) + V pert(fund) (solid line) at αs = 0.18,
σ = 0.18 GeV2, and Tg = 0.12 fm.
where CF = 4/3 is the fundamental Casimir operator. The results are shown in Fig. 3. One
can see the full agreement of our potential with this independent set of lattice data as well.
In the case of the triangle with different separations Ra of quarks from the string junction,
having angles no larger than 2π/3
VB(R1, R2, R3) =
3∑
a=1
VM(Ra) +
∑
a<b
Vnd(Ra, Rb), (27)
where
Vnd(Ra, Rb) =
2σTg
3
√
3
−
√
3σ
4πTg
{
R2a
∫ ϕ˜ab
0
d ϕ
cos2
(
ϕ+ pi
6
)K2
( √
3Ra
2Tg cos
(
ϕ+ pi
6
)
)
+
+R2b
∫ pi
3
ϕ˜ab
d ϕ
sin2 ϕ
K2
( √
3Rb
2Tg sinϕ
)}
. (28)
If one of the angles of the triangle is larger than 2π/3, the position of string junction
coincides with the position of quark at large vertex. Let us denote α an angle supplementary
to the large one; r1, r2 the distances from the string junction to the adjacent quarks. Then
we get
VB(r1, r2, α) = VM(r1) + VM(r2) + Vnd(r1, r2, α), (29)
where
Vnd(r1, r2, α) =
2α ctgα
π
σTg − sin 2α σ
2πTg
{
r21
∫ ϕ˜
0
d ϕ
sin2(α− ϕ)K2
(
r1 sinα
Tg sin(α− ϕ)
)
+
+r22
∫ α
ϕ˜
d ϕ
sin2 ϕ
K2
(
r2 sinα
Tg sinϕ
)}
. (30)
Note that Vnd(r1, r2, α) = Vnd(r2, r1, α); Vnd(r1, r2, π/3) = Vnd(r1, r2), Vnd(R,R) = 1/3!Vnd(R).
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For the analysis of the dependence of potential on the location of quarks, let us consider
its behavior in isoceles triangles with the vertex 0 ≤ γ ≤ ≤ 2π/3 and fixed length of the string
L = R1 + R2 + R3 versus the value of γ. At distances Ra >∼ 0.5 fm one can use asymptotic
formulas following from (23), (28) and (30),
VM(R) ≈ σR− 4
π
σTg,
Vnd(Ra, Rb) ≈ 2σTg
3
√
3
, Vnd(r1, r2, α) ≈ 2α ctgα
π
σTg. (31)
One can conclude that at γ = 0, when positions of two quarks coincide and these quarks
are in the antitriplet of color SU(3), the baryon potential in isoceles triangle reduces to the
meson one,
V L(γ = 0) ≈ σL− 4
π
σTg. (32)
If 0 < γ < 2π/3, then the string consists of three lengths and
V L(0 < γ < 2π/3) ≈ σL+
(
−12
π
+
2√
3
)
σTg. (33)
If the string consists of two lengths, then
V L(γ ≥ 2π/3) ≈ σL+
(
−8
π
+
2
π
(π − γ) ctg (π − γ)
)
σTg. (34)
According to eqs. (32) – (34), when γ icreasing, the potential rapidly falls by the value
∆V1 =
(
8
π
− 2√
3
)
σTg ≈ 150 MeV, (35)
almost does not change in the range 0 <∼ γ <∼ 2π/3, then rapidly increases at γ ≈ 2π/3 by the
value
∆V2 =
(
4
π
− 4
3
√
3
)
σTg ≈ 55 MeV, (36)
and slowly increases in the range 2π/3 ≤ γ ≤ π by the value
∆V3 ≡ V L(π)− V L
(
2π
3
)
=
(
2
π
− 2
3
√
3
)
σTg ≈ 30 MeV, (37)
where numerical values are given for σ = 0.18 GeV2, Tg = 0.12 fm. The dependence of
the baryon potential in isoceles triangle on the angle γ at L = 1.8 fm is shown in Fig. 4.
Note that character jumps and drops of the potential are proportional to the quantity σTg,
i.e. determined by confinement as well as by correlations of the stochastic nonperturbative
fields, and it would be interesting to obtain them independently in lattice QCD. Baryon
potential in various configurations of quarks was considered on the lattice in [5]. However,
configurations with the angles in the range π/20 <∼ α < π/2 considered in this work did
not allow to establish this dependence, because in the range of the small angles the size of
lattice spacing becomes comparable with the quark separation and accurate calculations of
the potential become difficult. The further lattice investigations of configurations with large
angle are called for.
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Figure 4: The baryon potential in isoceles triangle with the length of the string L = 1.8 fm
versus the vertex γ for σ = 0.18 GeV2, Tg = 0.12 fm.
It is also interesting to consider the energy density of the string near the string junction,
or the quantity
V˜ L(γ) =
1
2
(
3∑
a=1
VM(Ra)− σL
)
+
∑
a<b
Vnd(Ra, Rb). (38)
If the vertex in the isoceles triangle with the string length fixed is in the region 2π/3 <∼ γ <∼ π,
the potential V˜ L(γ) has the same behavior as the V L(γ), since in this region the dependence
of the latter on the value of vertex is determined by the only nondiagonal term. This means
that while the vertex is increasing in this range, the energy density is rising. The drop at
γ = 0 for V˜ is small,
∆V˜1 =
(
4
π
− 2√
3
)
σTg = 0.12σTg ≈ 13 MeV. (39)
At γ = 2π/3 the potential V˜ L(γ) drops but not jumps as V L(γ) does,
∆V˜2 =
(
2
π
− 4
3
√
3
)
σTg = −0.13σTg ≈ −15 MeV, (40)
i.e. the energy density decreases. One can conclude that the energy density near the string
junction depends on the location of the quarks only slightly. This is in contradiction with the
field distributions obtained in [17, 18] using the connected probe, where author has made an
error in the basic formulas (11)-(18) from [17] and (27) from [18]. It is not hard to show that
the cited formulas and corresponding field distributions concern to the two or three static
meson Wilson loops in the special case when the positions of antiquarks coincide, but not to
baryons. The problem of the field distributions in baryon with the connected probe has some
ambiguities and will be considered in subsequent publications.
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4 Conclusions
In the present work the nonperturbative static potential in baryon was calculated analytically
in the framework of MFC for arbitrary locations of quarks. Two important effects related
with the correlations of the nonperturbative gluon fields are studied: a decrease of the slope of
the potential at hadronic lengths, and its dependence on the locations of quarks when length
of the string fixed. The latter effect is found for the first time and shown to be proportional
to the combinations of parameters σTg. It would be interesting to verify it independently on
the lattice and extract an accurate value of the correlation length of gluonic fields.
The errors in preceding works [17, 18] were corrected for baryon potential and stated for
the field distributions in baryon with the connected probe.
The dependence of the potential on the length of the string was shown in the paper to be
in complete agreement with the precise numerical lattice calculations, which allows to perform
the accurate analytic studies of the baryon spectra, first of all of the spectrum of nucleons,
and has important meaning for various applications in nuclear physics.
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